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a b s t r a c t

Lattice inversion modified embedded atom method (LI-MEAM), proposed as an alternative implementa-
tion of MEAM models by removing the many-body screening function and including the interactions
from more nearest neighbors, was applied to the bcc transition metals, Fe, Cr, Mo, W, V, Nb, and Ta in
the present work. The interatomic potential was parameterized by fitting to individual elastic constants,
structural energy differences, vacancy formation energy, and surface energy using particle swarm optimi-
zation method. Various physical properties of individual elements, including structural properties,
vacancy defect properties, surface properties, and thermal properties were presented along with exper-
imental data and those calculated using the second nearest neighbor MEAM (2NN MEAM) in this article
so as to evaluate the optimized parameters and verify the LI-MEAM model. It is shown that LI-MEAM
potential could reasonably reproduce both the fitted and the predicted properties for all bcc transition
metals.

� 2014 Elsevier B.V. All rights reserved.
1. Introduction

Atomistic simulations, including molecular dynamics and
Monte Carlo simulations, are among the most commonly used
techniques to explore the relationships between structures and
the physical properties for specific materials. Compared with ab
initio calculations, atomistic simulations are capable to investigate
extremely large systems, say, more than one hundred million
atoms [1,2]. By choosing appropriate interatomic potentials, it is
possible to achieve relatively high accuracy of the calculated
results. From this perspective, interatomic potential models play
a crucial role in guaranteeing the reliability of the obtained results.
Hence, it is of great importance on proposing new interatomic
potential models with higher accuracy and efficiency.

In the past decades, many classical models were presented to
describe the interactions among atoms or molecules [3–12].
Among the various models, the modified embedded atom method
(MEAM, also for 1NN MEAM) proposed by Baskes et al. [9,10,12]
stood out for its universality and accuracy, and the capability of
predicting the properties of a variety of metals and alloys accu-
rately. However, it failed to predict the ordering of low-index sur-
face energies and also exhibited structural instabilities when being
applied to some bcc transition metals [13]. Lee attributed it to the
neglect of the interactions from the second nearest neighbors since
the second nearest neighbors in bcc metals were relatively close to
the first neighbors [13]. He thus proposed the second nearest
neighbor MEAM (2NN MEAM) by additionally considering the
interactions from the second nearest neighbors [13–15]. Despite
the fact that the same number of parameters are used for 1NN
and 2NN MEAM, 2NN MEAM does a much better job in handling
a wider range of physical properties. However, either in 1NN or
2NN MEAM formalism, an additional environmental dependent
many-body screening function must be used to describe the
screening effects on the atoms beyond first or second nearest
neighbors, which increases the complexity of the models. Besides,
the screening function increases the number of parameters, espe-
cially for alloys. Along the same logic for improving the MEAM for-
malism from 1NN to 2NN, if the interactions from more nearest
neighbors are considered, it is possible that the MEAM model could
be further improved or simplified.
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As a result, we proposed an alternative MEAM formalism by
removing the many-body screening function and extending further
nearest neighbors with Chen–Möbius lattice inversion method,
named the lattice inversion MEAM (LI-MEAM). This makes our
treatment of the many-body screening essentially same as EAM
and greatly simplified the physical picture. Moreover, we parame-
terized the potential parameters of a series of bcc metals (Cr, Mo,
W, V, Nb, Ta) by particle swarm optimization method and calculated
various physical properties of bulk materials to validate the devel-
oped LI-MEAM potential. The results show a good agreement with
available experimental data and comparable with those of 2NN
MEAM method. The outline of present work can be described as
the following. Section 2 reviews the formalism of LI-MEAM potential
briefly. Section 3 mainly shows the optimized potential parameters
and the predicted physical properties. Section 4 is a short summary.

2. Methodology

In LI-MEAM, the total energy per atom for an arbitrary system is
composed of two parts, the embedding energy and the pair energy,
as:

E ¼ Fð�qiÞ þ
1
2

X
i–j

UðrijÞ; ð1Þ

where F is the embedding function, �qi is the background electron
density at site i; UðrijÞ is the pair potential between atoms i and j
at a distance rij. The embedding function, F, is given by:

Fð�qÞ ¼ AEc �q=�q0� �
ln �q=�q0� �

; ð2Þ

where A is the scaling factor, Ec is the sublimation energy, �q0 is the
background electron density for the reference structure. Usually, for
a specified element, the equilibrium structure is taken as the refer-
ence structure. For all the concerned elements in present work, bcc
was chosen as the reference structure. The background electron
density �qi in Eq. (1) is given by:

�qi ¼ �qð0Þi GðCÞ; ð3Þ

where

GðCÞ ¼ 2=ð1þ e�CÞ; ð4Þ
and
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In the equations, �qðkÞi represent the spherical (k = 0) and angular

(k = 1, 2, 3) electron densities. tðkÞi (k = 1, 2, 3) are the corresponding

weighting factors for the three angular electron densities. �qðkÞi are
given by:
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Here, qaðkÞ
j (k = 0, 1, 2, 3) are the atomic electron densities of atom j

for different directions. ra
ij; rb

ij; rc
ij are the a; b; c components of rij,

respectively. qaðkÞ
i in Eq. (6) have the following form:
qaðkÞ
i ðrijÞ ¼ e�bðkÞ

i
ðrij=re�1Þ; ð7Þ

where bðkÞi (k = 0, 1, 2, 3) are decay factors for corresponding atomic
electron densities, re is the nearest neighbor distance in the equilib-
rium reference structure.

To obtain the form of pair potential in Eq. (1) so that the total
energy for an arbitrary system can be calculated, a reference struc-
ture with known total energy per atom (or called cohesive energy)
should be selected. Normally, the cohesive energy could be deter-
mined according to experimental data or ab initio calculations
directly. Herein, the universal equation of state proposed by Rose
et al. [16] is used to express the total cohesive energy per atom
for the reference structure, Eu, as a function of the nearest-neighbor
distance r:

EuðrÞ ¼ �Ecð1þ a�Þe�a� ; ð8Þ

where

a� ¼ aðr=re � 1Þ; ð9Þ

and

a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9BX=Ec

p
: ð10Þ

Here, B is bulk modulus. X is equilibrium atomic volume, which is
dependent on the equilibrium nearest-neighbor distance re.

With the cohesive energy known, the pair energy per atom
could thus be calculated by subtracting the calculated embedding
energy of the same reference structure. From another point of
view, the pair energy per atom can be expressed as the accumula-
tion of the pair potentials between the surrounding neighbors and
the reference atom. In practice, 1NN MEAM accumulates the pair
potentials from only the first nearest neighbors, while 2NN MEAM
includes the pair interactions from both the first and the second
ones. In theory, for LI-MEAM, the pair potentials from arbitrary
nearest neighbors can be included. However, in the practical
implementation, a cutoff distance rc is introduced to consider finite
but enough nearest neighbors, as:

EuðrÞ � F½�q0ðrÞ� ¼ 1
2

Xam
0 r<rc

m¼1

ZðmÞ0 UðaðmÞ0 rÞ; ð11Þ

where ZðmÞ0 is the actual number of m-th nearest neighbors, aðmÞ0 is
the ratio of the distance of m-th nearest neighbors to r, which is
the distance for the first nearest neighbors. Besides, in order to
improve the performance of the cutoff effect, a smooth radial cutoff
function, f c½ðrc � rÞ=Dr� is used in LI-MEAM to handle on all the cut-
off regions, where f c is the smooth cutoff function given by:

f cðxÞ ¼
1; x P 1

½1� ð1� xÞ4�
2
; 0 < x < 1

0; x 6 0;

8><
>: ð12Þ

and Dr is the cutoff region. For present work, Dr was given 0.2 for all
the elements.

In order to apply Chen–Möbius lattice inversion [17–21] on

Eq. (11) to obtain the pair potential, the involved series faðmÞ0 g
should be firstly extended to a multiplicative semi-group faðmÞg
such that, for any two integers i and j, an integer k always exists
which satisfying:

aðiÞaðjÞ ¼ aðkÞ: ð13Þ

Then Eq. (11) can be rewritten as:

EuðrÞ � F½�q0ðrÞ� ¼ 1
2

XaðmÞr<rc

m¼1

ZðmÞUðaðmÞrÞ; ð14Þ



Table 1
The leading 10 items of the related coefficient series of Chen–Möbius inverse formula for bcc structure.

m 1 2 3 4 5 6 7 8 9 10

ZðmÞ 8 6 0 0 12 0 0 24 8 0

aðmÞ 1.000 1.155 1.333 1.540 1.633 1.778 1.886 1.915 2.000 2.053

IðmÞ 0.125 �0.094 0.070 �0.053 �0.188 0.040 0.281 �0.375 �0.125 �0.030

Table 2
Effect of parameters on individual properties for bcc transition metals. The plus sign
means the effect is significant, the minus sign means the effect is minor, and no sign
means no effect.

A bð0Þ tð1Þ tð2Þ tð3Þ rc

C11 + + No � No +
C44 + + No � No +

Ef
v

+ + � � � +

Eð110Þ + � � � No �
DEbcc!fcc + + No No No +
DEfcc!hcp + + No No No +
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where

ZðmÞ ¼
Z0 a�1

0 aðmÞ
� �� �

aðmÞ 2 faðmÞ0 g
0 aðmÞ R faðmÞ0 g

(
: ð15Þ

Note that fZðmÞ0 g is the actual numbers of atoms in the m-th nearest

neighbors, and fZðmÞg is the extended group which contains fZðmÞ0 g
with all the additive elements equal to zeros. If the left two items
in Eq. (14) are regarded as one, it can be inverted to obtain the pair
potential function by applying Chen–Möbius lattice inversion. The
following equation shows the inverted function:

UðrÞ ¼ 2
XaðmÞr<rc

m¼1

IðmÞ EuðaðmÞrÞ � F½�q0ðaðmÞrÞ�
� �

: ð16Þ

where the inversion coefficient IðmÞ is given by:

X
aðmÞ jaðkÞ

IðmÞZ a�1 aðkÞ

aðmÞ

	 
� �
¼ dk1; ð17Þ

and dk1 is Kronecker delta function. Noted that all the coefficients
associated with lattice inversion are only structure dependent.
Hence, for specific reference structure, one-time calculation is suffi-
cient to determine all the related coefficients. Table 1 shows the
leading 10 items of the related coefficient series of Chen–Möbius
inverse formula for bcc structure, which can be used directly in
the LI-MEAM.

Using Eq. (16), the pair potential can be obtained, which can be
used in Eq. (1) to calculate the total energy of arbitrary systems.

3. Results and discussion

3.1. Determination of parameters

From the introduction above, a total of 12 parameters are
involved for one single element in LI-MEAM potential, as the scal-
ing factor A, the sublimation energy Ec , the equilibrium nearest-
neighbor distance re, the bulk modulus B, the weighting factors
tðkÞ (k = 1, 2, 3), the decay factors bðkÞ (k = 0, 1, 2, 3) and the cutoff
distance rc . Among the 12 parameters, Ec; re and B were given
experimentally. As to bð1Þ; bð2Þ; bð3Þ, some researchers have tried
to optimize them so as to fit more physical properties [22,23].
However, to compare with those results of 1NN and 2NN MEAM
[10,14], they were fixed at 1.0 for all the elements in present work.
Therefore, only 6 parameters were needed to be determined for
single element, i.e. A; bð0Þ; tð1Þ; tð2Þ; tð3Þ and rc.

In present work, all the bcc transition metals, as Fe, Cr, Mo, Nb, Ta,
V, were investigated. To determine their individual potential param-
eters, some physical properties were chosen as the fitting targets so
that their corresponding experimental values could be reproduced.

Herein, elastic constants (C11; C44), vacancy formation energy (Ef
v ),

structure energy differences between bcc and fcc (DEbcc!fcc), and
between fcc and hcp (DEfcc!hcp), surface energy of the lowest
surface (110) (Eð110Þ), were selected. In consideration of the depen-
dence of C12 on C11 and B for cubic systems, C12 was not taken into
account as a fitting target. For the structure energy differences, all
the available experimental data are thermodynamically assessed at
room temperature using the calphad method [24]. Because it is dif-
ficult to obtain the surface energy of each surface in experiments
and only the average surface energy for polycrystalline is available,
we optimized the lowest surface energy (Eð110Þ) to approach the
average value referring to previous works [13,14,25]. Besides, in
order to make our results comparable to 2NN MEAM, the same
experimental data in previous works [14] were adopted as the fit-
ting targets to determine the parameters of LI-MEAM potential for
individual elements.

Particle Swarm optimization (PSO) algorithm [22,23,26] was
used to determine all the potential parameters simultaneously.
The optimization procedure could be described as the following.
The potential parameters, A; bð0Þ; tð1Þ; tð2Þ; tð3Þ and rc , were firstly
given a set of initial values. Then the selected physical properties,

C11; C44; DEbcc!fcc; Ef
v ; Eð110Þ, were calculated using this group of

parameters based on LI-MEAM potential and the relative errors
for each properties were calculated successively. A new group of
parameters would be generated by PSO algorithm until the errors
were acceptable. In order to guarantee the accuracy of some spec-
ified properties, different weighting factors were assigned to rele-
vant errors. Besides, reasonable bounds were imposed on the
parameters to ensure the physical correctness of the model. The
effect of the potential parameters on individual properties for bcc
transition metals was also investigated, as shown in Table 2. In
the table, the plus sign means the effect is significant, the minus
sign means the effect is minor, and no sign means no effect. From
the table, A; bð0Þ and rc have significant effect on almost every
properties, while tð1Þ; tð2Þ; tð3Þ have no or slight effect on all the
properties. So during the optimization, A; bð0Þ and rc were more
carefully determined than tð1Þ; tð2Þ; tð3Þ.

Using the above optimization procedures, the parameters of
individual elements for LI-MEAM potential could be determined,
as listed in Table 3. In the table, the former six parame-
ters,Ec; re; B; bð1Þ; bð2Þ; bð3Þ, were fixed on experimental or speci-
fied values, and the latter six parameters, A; bð0Þ; tð1Þ; tð2Þ; tð3Þ; rc ,
were optimized. By comparing the optimized cutoff distance with
the distances of different nearest neighbors in the equilibrium
structure for each element, it can be deduced that more than the
second nearest neighbors are considered in our LI-MEAM potential.
Specifically, the interactions of the third nearest neighbors were
included for Cr, Mo and W, and up to the sixth nearest neighbors
were included for Fe, V, Nb and Ta. Fig. 1 shows the inverted pair
potential changing with the nearest neighbor distance for all the
bcc transition metals.



Table 3
Optimized parameters of Fe, Cr, Mo, Nb, Ta, V and W using LI-MEAM potential. Values listed are the sublimation energy Ec ðeVÞ, the equilibrium nearest-neighbor distance re ðÅÞ,
the bulk modulus Bð1012 dyn=cm2Þ, the exponential decay factors for the atomic densities bð0Þ; bð1Þ; bð2Þ; bð3Þ , the scaling factor for the embedding energy A, the weighting factors
for the atomic densities tð1Þ; tð2Þ; tð3Þ , and the cutoff distance rc . The former six parameters were fixed on experimental or specified values and the latter six ones were optimized.

Ec re B bð1Þ bð2Þ bð3Þ A bð0Þ tð1Þ tð2Þ tð3Þ rc

Fe 4.29 2.480 1.732 1.000 1.000 1.000 0.411 3.515 �5.023 7.233 �6.972 5.905
Cr 4.10 2.495 1.900 1.000 1.000 1.000 0.341 3.067 �2.527 12.072 �4.894 4.471
Mo 6.81 2.725 2.650 1.000 1.000 1.000 0.356 3.551 �1.158 �5.183 1.186 4.881
W 8.66 2.740 3.140 1.000 1.000 1.000 0.305 2.973 �4.065 �3.110 �6.895 4.908
V 5.30 2.625 1.570 1.000 1.000 1.000 0.442 3.349 0.538 �5.517 �3.352 6.249
Nb 7.47 2.860 1.730 1.000 1.000 1.000 0.466 3.391 0.291 �8.696 2.828 6.805
Ta 8.09 2.860 1.940 1.000 1.000 1.000 0.370 3.204 �3.093 �6.266 �8.050 6.807

Fig. 1. Inverted pair potential changing with the nearest neighbor distance for all
the bcc transition metals.

Table 4
Calculated elastic constants (1012 dyn=cm2) using LI-MEAM potential, in comparison
with experimental data and those calculated by 2NN MEAM. All the experimental
data are from Ref. [27].

C11 C12 C44

Expt. 2NN LI Expt. 2NN LI Expt. 2NN LI

Fe 2.431 2.430 2.431 1.381 1.380 1.377 1.219 1.219 1.219
Cr 3.910 3.909 3.909 0.896 0.897 0.901 1.032 1.034 0.879
Mo 4.647 4.649 4.647 1.615 1.655 1.659 1.089 1.088 1.089
W 5.326 5.326 5.326 2.050 2.050 2.047 1.631 1.631 1.632
V 2.324 2.323 2.324 1.194 1.194 1.191 0.460 0.460 0.460
Nb 2.527 2.527 2.527 1.332 1.331 1.333 0.310 0.319 0.310
Ta 2.663 2.664 2.663 1.582 1.581 1.585 0.874 0.875 0.874
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3.2. Calculation of physical properties

To evaluate the reliability of the developed LI-MEAM potential
and the optimized potential parameters, various physical proper-
ties of individual elements were calculated using the optimized
parameters. Except the properties used for fitting, some other
energetic properties were also calculated, such as formation ener-
gies of surfaces (100) and (111), Eð100Þ and Eð111Þ, structure energy
differences between bcc and sc, DEbcc!sc , and between bcc and dia-
mond, DEbcc!dia, the activation energy of vacancy diffusion, Q, and
some thermal properties which include thermal expansion coeffi-
cient, e, specific heat, Cp, bulk melting point, Tbm, latent heat of
melting, DHm, and volume change on melting, DVm=Vsolid. In this
subsection, the calculated values of these properties were listed
together with the corresponding experimental data and those cal-
culated by 2NN MEAM as comparisons.

Table 4 shows the calculated and the experimental elastic con-
stants (C11; C12 and C44) for individual elements. Elastic constants
were given higher weights during the optimization procedures so
that these basic materials properties could be accurately repro-
duced. From the table, almost all the elastic constants for all the
bcc transition metals agree excellently with the corresponding
experimental data. The only exception among these calculated
results is C44 of Cr, this is because that we sacrifice a slight accuracy
of C44 to guarantee higher accuracy of both the surface energies
and the vacancy formation energy.

The calculated and available experimental structural energy dif-
ferences among various crystal structures are listed in Table 5.
Among these items, DEbcc!fcc and DEfcc!hcp were used for fitting,
and the other two were predicted. As mentioned above, all the
available experimental data were thermodynamically assessed at
room temperature using the calphad method [24]. From the table,
it can be seen that the structural energy of bcc crystal for all the
elements is lower than that of any other crystals, which demon-
strates the correct prediction of the ground state. Quantitatively
speaking, for most of the concerned elements, the values of
DEbcc!fcc and DEfcc!hcp calculated by LI-MEAM potential are very
close to the corresponding experimental data, while for Cr, the
accuracy of DEfcc!hcp was sacrificed to better fit both the vacancy
formation energy and surface energies. As for DEbcc!sc and
DEbcc!dia, no experimental results were available. The calculated
results based on LI-MEAM potential are compared with those from
2NN MEAM. It can be seen that without the many-body screening
function and two less parameters, LI-MEAM achieved similar accu-
racy levels as 2NN MEAM, which validates the correctness of opti-
mized parameters.

Then the vacancy formation energy, Ef
v , and the activation

energy of vacancy diffusion, Q, of individual elements are pre-
sented in Table 6, together with the corresponding experimental
data and those from 2NN MEAM. In the table, the vacancy forma-
tion energy was used as one of the fitting targets and the activation
energy of vacancy diffusion, which is the sum of the vacancy for-
mation energy and the vacancy migration energy, was predicted.
As can be seen from the table, the vacancy formation energies cal-
culated by LI-MEAM are in excellent agreement with experimental
data for all the elements, which is better than those of 2NN MEAM.
As for the activation energy of vacancy diffusion, most of the calcu-
lated values by LI-MEAM are closer to the experimental data than
those of 2NN MEAM, except that those of Cr and W are slightly lar-
ger. Therefore, in terms of vacancy defects, LI-MEAM exhibits com-
parable performance than 2NN MEAM.

Table 7 lists the calculated surface energies of the three low-
index surfaces (100), (110), and (111), as Eð110Þ; Eð100Þ; Eð111Þ using
LI-MEAM, in comparison with experimental data and those of 2NN
MEAM. In the table, the experimental values are surface energies
for individual polycrystalline solids, which are extrapolated values,
directly from high-temperature experimental data to 0 K [31,32].
As mentioned above, only the lowest surface energy [that of
(110) surface] was fitting to the experimental surface energy and
no constraints were applied on the order of the surface energies.
From the table, LI-MEAM could predict correct order among the



Table 6
Calculated vacancy formation energy Ef

v (eV) and activation energy of vacancy
diffusion Q (eV), using LI-MEAM potential, in comparison with experimental data and
those calculated by 2NN MEAM. The experimental vacancy formation energies are
from Ref. [28] and the experimental activation energies of diffusion are from Ref. [29],
except for the activation energy of diffusion for Cr, which is from Ref. [30].

Ef
v

Q

Expt. 2NN LI Expt. 2NN LI

Fe 1.79 1.75 1.79 2.5 2.28 2.39
Cr 1.80 1.91 1.80 3.1 2.61 2.51
Mo 3.10 3.09 3.10 4.5 4.22 4.41
W 3.95 3.95 3.95 5.5 5.56 5.71
V 2.10 2.09 2.10 3.2 2.47 2.74
Nb 2.75 2.75 2.75 3.6 3.32 3.83
Ta 2.95 2.95 2.95 4.3 3.71 4.60

Table 7
Calculated surface energies (erg/cm2) of three low-index surfaces (1 00), (11 0), and
(111), as Eð110Þ; Eð100Þ; Eð111Þ , using LI-MEAM potential, in comparison with experi-
mental data and those calculated by 2NN MEAM. The experimental values, Eexpt

poly , are
for corresponding polycrystalline solids and are extrapolated from high-temperature
experimental data to 0 K (Fe and W are from Refs.[31] and the others are from Ref.
[32]).

Expt. Eð110Þ Eð100Þ Eð111Þ

2NN LI 2NN LI 2NN LI

Fe 2360 2356 2358 2510 2749 2668 2799
Cr 2200 2198 2200 2300 2394 2501 2868
Mo 2900 2885 2825 3130 3138 3373 3584
W 2990 3427 3646 3900 4158 4341 4846
V 2600 2636 2600 2778 2745 2931 3149
Nb 2300 2490 2382 2715 2682 2923 3188
Ta 2780 2778 2909 3035 3387 3247 3845

Table 5
Calculated structural energy differences DE (eV), using LI-MEAM potential, in comparison with experimental data and those calculated by 2NN MEAM. All the experimental data
are thermodynamically assessed values at room temperature [24].

DEbcc!fcc DEfcc!hcp DEbcc!sc DEbcc!dia

Expt. 2NN LI Expt. 2NN LI 2NN LI 2NN LI

Fe 0.082 0.069 0.051 �0.023 �0.023 �0.022 0.99 0.71 1.82 1.76
Cr 0.075 0.070 0.092 �0.029 �0.029 �0.008 1.32 0.70 1.50 2.01
Mo 0.158 0.167 0.158 �0.038 �0.038 �0.040 1.97 1.31 2.37 3.39
W 0.200 0.263 0.188 �0.047 �0.047 �0.040 2.61 1.64 3.70 4.41
V 0.078 0.084 0.068 �0.036 �0.011 �0.034 0.78 0.70 1.22 1.96
Nb 0.140 0.176 0.105 �0.036 �0.012 �0.054 0.90 0.95 1.44 2.84
Ta 0.166 0.148 0.115 �0.041 �0.023 �0.062 1.32 1.24 2.51 3.31
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three low-index surface energies, as Eð110Þ < Eð100Þ < Eð111Þ. Mean-
while, the calculated Eð110Þ of individual elements agree well with
corresponding experimental data except that of W, which is some-
what larger.

Finally, Table 8 shows the calculated and experimental thermal
properties, which include thermal expansion coefficient e, specific
Table 8
Calculated thermal properties, using LI-MEAM potential, in comparison with experimenta
(10�6/K), specific heat Cp (J/mol K), melting point of individual bulk material Tbm (K), lat
experimental data for thermal expansion coefficient, specific heat and volume change are

e (0–100 �C) Cp (0–100 �C) Tbm

Expt. 2NN LI Expt. 2NN LI Expt.

Fe 12.1 12.4 9.5 25.5 26.1 24.3 1811
Cr 6.5 9.0 6.2 24.0 26.8 23.1 2180
Mo 5.1 5.3 5.3 24.1 25.9 23.8 2896
W 4.5 4.2 3.8 25.4 25.4 24.4 3695
V 8.3 8.7 6.2 25.4 26.1 24.6 2183
Nb 7.2 6.4 4.8 24.9 26.1 24.8 2750
Ta 6.5 5.8 5.8 25.7 25.7 24.2 3290
heat Cp, bulk melting point Tbm, latent heat of melting DHm and vol-
ume change on melting DVm=Vsolid. Here, the thermal expansion
coefficient and the specific heat were calculated with the temper-
ature ranging from 0 �C to 100 �C, the melting points were calcu-
lated using the solid–liquid interface-based method, [33] while
the latent heat of melting and the volume change of melting were
calculated based on the direct heating process. From the table, it
can be seen that almost all the calculated values of thermal expan-
sion coefficient, specific heat and the latent heat of melting for
individual elements (except the thermal expansion coefficient of
Mo and the latent heat of melting of Fe) are smaller than the cor-
responding experimental data, while for those of bulk melting
point, they are somewhat larger than the experimental values.
The consistency of the trends of these results reflects the stability
and robustness of LI-MEAM potential model and the optimized
parameters. Besides, compared with the results calculated by
2NN MEAM, most of those values by LI-MEAM are closer to the
experimental data, especially for the bulk melting point and the
latent heat of melting. As to the volume change of melting, no
experimental values are available except for Fe. However, the
values calculated by 2NN MEAM and LI-MEAM are with similar
levels except for those of V, Nb and Ta. Lee believed that the
volume change values of V and Nb calculated by 2NN MEAM were
relatively small [14], so it is believed that those presented by
LI-MEAM should be more reasonable.

To clearly illustrate the deviation of the calculated values of
various physical properties by LI-MEAM potential from the corre-
sponding experimental values, and easily compare with those by
2NN MEAM, Fig. 2 was drawn. In the figure, the horizontal axis
represents the various physical properties discretely, which are
labeled by circled numbers, and the vertical axis represents the
ratios of the calculated values of various physical properties to
the corresponding experimental values. Thus, the closer the calcu-
lated curve is to the dashed line in the figure, the better the opti-
mized parameters are. Besides, the black curves in the figure are
for 2NN MEAM and red ones are for LI-MEAM. Based on this under-
standing, it can be found that the physical properties of Mo were
predicted with good accuracy. Concerning W and V, the perfor-
l data and those of 2NN MEAM. Values listed are the thermal expansion coefficient e
ent heat of melting DHm (kJ/mol) and volume change of melting DVm=Vsolid (%). The
from Ref. [29] and others are from Ref. [24].

DHm DVm=Vsolid

2NN LI Expt. 2NN LI Expt. 2NN LI

2200 2059 13.8 13.2 14.1 3.5 3.4 4.2
2050 2427 21.0 18.8 19.2 – 4.4 4.9
3100 3210 37.5 20.1 31.0 – 3.0 5.0
4600 4045 52.3 33.0 35.3 – 3.2 4.5
1800 2276 21.5 11.7 15.9 – 1.3 3.3
1900 3030 30.0 13.5 21.9 – 1.0 3.3
3200 3615 36.6 22.3 29.0 – 2.1 4.4



Fig. 2. Scaled values of the various physical properties by 2NN MEAM (lines in black and LI-MEAM (lines in red) by the corresponding experimental values for individual
elements. For aesthetic reasons, the labels of the horizontal axis, which represent the names of physical properties, are replaced by circled numbers and demonstrated aside.
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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mance of present LI-MEAM is also pretty good except for some
small deviations, which is better than that of 2NN MEAM. As for
Fe, Cr, Nb, Ta, some relatively big deviations exist on the structural
energy differences for both 2NN MEAN and LI-MEAM. Overall,
compared with 2NN MEAM, LI-MEAM for bcc transition metals
shows competitive performance.

To summary, based on the calculated results shown in Tables 4–
8 and Fig. 2, the LI-MEAM potential, a simplified version of previ-
ous model, were validated as a universal and accurate potential
model again. Meanwhile, the optimized potential parameters for
LI-MEAM could be used to calculate various physical properties
which agree well with experimental data. This also reveals the pos-
sibility of applying the optimized parameters based on LI-MEAM
potential to more comprehensive systems and achieving relatively
high accuracy.
4. Conclusions

In present work, we applied the LI-MEAM potential to all the
bcc transition metals, as Fe, Cr, Mo, W, V, Nb, and Ta. By fitting
to some selected physical properties, as elastic constants, struc-
tural energy differences among bcc, fcc and hcp structures, vacancy
formation energy and surface energy of (110) surface, the poten-
tial parameters of individual elements, were parameterized using
particle swarm optimization method. Besides, more physical prop-
erties of individual elements, including structural energy differ-
ences among bcc, sc and diamond structures, the activation
energy of vacancy diffusion, surface energies of (100) and (111)
surfaces and some thermal properties (thermal expansion coeffi-
cient, specific heat, bulk melting point, latent heat of melting and
volume change on melting), were calculated and compared with
experimental data and those calculated by 2NN MEAM. It is shown
that the present potentials could reasonably predict most of the
properties of the bcc transition metals. The good agreement proves
the reliability of the proposed LI-MEAM potential formalism, as
well as the optimized parameters. Based on the present results, it
is believed the optimized parameters of LI-MEAM potential could
be implemented into wide applications.
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